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1 Introduction 



1.1 Vertex operators in SOS models 

The principle of infinite dimensional symmetry has seen an impressive success in conformal 
field theory (CFT). With the aim of understanding non-critical lattice models in the same 
spirit, the method of algebraic analysis |], |], ||] has been developed. In this approach, a 
central role is played by the notion of vertex operators (VO's). There are two kinds of VO's 
with distinct physical significance: the type I VO, which describes the operation of adding 
one lattice site, and the type II VO, which plays the role of particle creation/annihilation 
operators. In the most typical example of the XXZ spin chain, these VO's have a clear 
mathematical meaning as intertwiners M of certain modules over the quantum afline 
algebra U q (sl2)- 

An important class of CFT is the minimal unitary series ||. Their lattice counterpart 
are the solvable models of Andrews-Baxter- Forrester (ABF) ||. These are 'solid-on-solid' 
(SOS, or 'face') models whose Boltzmann weights are expressed by elliptic functions. 
Their Lie theoretic generalizations have also been studied extensively 0, [8], M. The vertex 
operator approach to the ABF models and their fusion hierarchy was formulated in [K| 



by a coset-type construction. In JlO|, U q (sl2) was used only as an auxiliary tool to define 



the VO's, and its role as a symmetry algebra was somewhat indirect. In |TT|, Lukyanov 
and Pugai constructed a free boson realization of type I VO's for the ABF models. (The 



formulas for type II VO's can be found in 12 .) They have shown further that these VO's 



commute with the action of the deformed Virasoro algebra (DVA) p!3| , making clear the 
parallelism with CFT. However, unlike the case of CFT, the VO's did not allow for direct 
interpretation as intertwiners, because DVA lacks a coproduct0- It has remained an open 
problem to understand the conceptual meaning of VO's. 

In [p~4| , one of the authors introduced an elliptic algebra U q #(sl2) and proposed it as 



an algebra of screening currents of conjectural extended DVA associated with the fusion 
SOS models. The aim of the present article is to continue the study of [/^(sfe), and to 
show that it offers a characterization of the VO's for SOS models in close analogy with 
the XXZ model. 

1.2 Face type elliptic algebras 

Through an attempt to understand integrable models based on elliptic Boltzmann weights, 



various versions of 'elliptic quantum groups' [15, 16, 17, [L8L 191 have been introduced. 



According to Fr0nsdal |18L Q9[, elliptic quantum groups are nothing but quantum afline 



^The usual coproduct for the Virasoro algebra has no non-trivial deformation. 
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algebras U q (g) equipped with a coproduct different from the original one. The resulting 
objects are quasi-Hopf algebras in the sense of Drinfeld [p0[| . Throughout this paper, we 
restrict our attention to the elliptic algebra of face type associated with g = sfe, denoted 



as Bq : x(sl 2 ) in 



In Fr0nsdal's approach, the quasi-Hopf structures are defined by twistors given as 
formal series in the deformation parameters. An explicit construction for the twistors 



was given in |JT|. (A very similar construction was presented independently in |22fl.) The 
L-operators and the VO's for the elliptic algebra can be obtained by 'dressing' those of 
U q (sl2) with the twistor (up to some subtleties about the fractional powers which will 
be discussed shortly). From this point of view, the construction of the VO's in bosonic 
representations is reduced to the determination of the image of the twistors. However, 
the solution of this issue is not known to us at this moment. 

For the bosonic realization of quantum affine algebras, the best suited presentation is 
in terms of the Drinfeld currents. In this paper we aim at an alternative construction of 
L operators and VO's based on an elliptic analog of Drinfeld currents. These operators 
satisfy the same relations as those derived from the quasi-Hopf approach f2l |. Though 
the precise relation is not known, we expect that these two methods give equivalent 
answers. Our construction is inspired by the work of Enriquez and Felder |17]], who 
introduced Drinfeld-type currents defined on an elliptic curve and constructed the twistor 
by a quantum factorization method. The algebra t/ giP (s[ 2 ) in JE1] and U^t) in ]nj arc 



both central extensions of the same algebra, but there are significant differences. We shall 
discuss more about this in section |6T 



1.3 Outline of the results 

Let us describe the content of this paper. Our starting point is to introduce a new set of 
currents of Uq^sh) carrying a parameter r (the elliptic modulus), obtained by modifying 
the usual Drinfeld currents. We shall refer to them as 'elliptic currents'. They satisfy 
commutation relations with coefficients written in infinite products. The latter are essen- 
tially the Jacobi theta functions but not quite so, since the elliptic currents, and hence 
these coefficients, comprise only integral powers in the Fourier mode expansions. In order 
to have relations written in theta functions alone, we need to supply fractional powers. 
For this purpose we introduce 'by hand' a pair of generators P, Q which commute with 
£/ g (sl 2 ) and satisfy [Q,P] = 1. Adjoining P, Q to the elliptic currents, we obtain 'total 
currents' whose commutation relations coincide with the defining relations of the algebra 
Uq, P {sh) |0 ( see ( |3.34| )-( pP3| )). In other words, we can identify U qiP (sl2) with the tensor 



product of U q (sl2) and the Heisenberg algebra generated by P, Q. The algebra Bq^ish) 
mentioned above is the subalgebra of U qiP (sl2) isomorphic to U q (sl2), and is equipped with 
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a coproduct defined via the twistor. However, this coproduct does not seem to extend 
naturally to the full algebra [/ 9) p(s[ 2 ). That is, B qi \(sl 2 ) is a quasi-Hopf algebra while (to 
our knowledge) U qtP (sl2) is not. We emphasize that the intertwining relations for VO's 
will be based on the quasi-Hopf structure of the former. 

A characteristic feature of the elliptic algebras is that, in the presence of the central 
element c, we are forced to deal with two different elliptic moduli r and r* = r — c 
simultaneously |Tj|. From Fr0nsdal's point of view, it is an effect of the quasi-Hopf 



twisting. The appearance of two different curves makes it difficult to apply the geometric 



method of |T7|]. Instead, we take a more pedestrian approach. Motivated by similar 
formulas in [|17], we introduce 'half currents' as certain contour integrals of the total 
currents. They have an advantage that the coefficients of the commutation relations can 
be written solely in terms of theta functions (as opposed to the delta functions appearing in 
the relations for the total currents). We then borrow the idea of the GauB decomposition 
PB| to compose an L operator out of the half currents, and show that it satisfies the 
expected (dynamical) RLL relation (Proposition |4.4| , |4.5| ). 

The construction of the L operator allows us to study the VO's in the bosonic rep- 
resentation. Let us first consider Bq^sh)- As is clear from the construction, the elliptic 
currents can be realized in the same bosonic Fock spaces as with the Drinfeld currents of 
U q (s{2)- (We regard p = q 2r as a formal parameter.) The VO's for Bq^sh) are a family 
of intertwiners $(;?, s), ^*(z, s) carrying a parameter s, and their intertwining relations 



involve a shift of s (see (|2.9|)- fl2TTCi| )). With the adjunction of P, Q, the algebra Uq^h) 



has an enlarged Fock module. It has the decomposition T = ©^^s into eigenspaces of 
P, each eigenspace T s being a Fock module for Uq{ski). Accordingly we modify further 
the VO's with Q, 

s ) = ^(^ (2)2 +(^ (1) ) ft(2) )$(g^, s ), (1.1) 
§>, s) = W{z, s )z-^ h{1)2+shW ^e QhW , (1.2) 

where z = q 2u , — h (g) l,h^ — 1 ® /i, h being the 'Cartan' generator of U q (sl2). 
Solving the intertwining relations for level one, we find that the VO's of Lukyanov and 
Pugai arise in the form ( |1 . 1| ) , (O), apart from certain signs in the intertwining relations 



for $(z, s) and \I / *(z, s). (For the discussion of the signs, see subsections pT2| and |5^.) We 
also calculate formulas for VO's associated with higher spin representations. 

1.4 Plan of the text 

The text is organized as follows. 



In section 2, we recall some results of pTJ which are relevant to the following sections. 



In Section3, we introduce the elliptic currents of f/ 9 (s[ 2 ), and discuss its relation to L^^sfe)- 
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In section 4, we introduce the 'half currents' and derive their commutation relations. We 
then arrange them in the form of a GauB decomposition to define the L operator. In 
section 5, we describe the VO's in the bosonic representation. In Section 6 we discuss the 
connection to other works and mention some open problems. The text is followed by four 
appendices. In appendix [A], we give the elliptic currents for the general non-twisted affine 
Lie algebra g. In Appendix [FJ we discuss an elliptic analog of the Drinfeld coproduct, 
and show that it also arises as a quasi-Hopf twist from the usual Drinfeld coproduct. In 
Appendix |C| we study the evaluation modules and R matrix in the spin 1/2 representation. 
Finally, in Appendix |B| we review the free field realization of the algebra U q ^{s\.2). 



While preparing this manuscript, we became aware of the paper by Hou et al. [24 
which has some overlap with the content of the present paper. 



2 RLL and intertwining relations 

The purpose of this section is to set up the form of the RLL and intertwining relations 
which we are going to study. 

2.1 Previous results 

In order to fix the notation, let us recall the results of []2T] relevant to the present paper. 
We consider the quantum affine algebra U q = t/ 9 (s[ 2 ) with standard generators e^, fi, hi 
(i = 0, 1) and d. The canonical central element is c = ho + hi. We retain the convention 
of |21|] for the coproduct A, though the details are not necessary here. 

Henceforth we shall write h = hi. In [21], we have constructed a twistor F(X) e U® 2 . 



Changing slightly the notation, let us set A = (r* + 2)d + (s + V)\h and write F(X) as 
F(r*, s). Then F(r*, s) is a formal power series in g 2 ( r *~ s ) and q 2s , satisfying the shifted 
cocycle condition 

F (12) (r*, s) (A ® id) F(r*, s) = F (23) (r* + c (1) , s + h w ) (id <g> A) F{r*, s). (2.1) 

We obtain the quasi-Hopf algebra B q ^\ = Bq^sh) by twisting U q via this F. Here and 
after, the superscripts refer to the tensor components; for instance, F^ = 1 ® F, h^ 1 ' = 
h <g) 1 ® 1. Let 1Z be the universal R matrix of U q . The 'dressed' R matrix 7Z(r*, s) = 
F( 21 )(r*, s)ftF( 12 )(r*, s)- 1 of B q ^ satisfies the dynamical YBE, 

ft(12)( r * + c (3) ; s + / l (3))^(13)( r * > s )n^\r* + C (l \ S + h^) 

= TZ^\r\ s)Tl^\r* + c< 2 \ s + h^)n^ 12 \r\ s). (2.2) 
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Let (ttv,V) be a finite dimensional f/g-module where U' is the subalgebra generated 
by ej, fi, hi (i = 0, 1). Let (ttv,z, V z ) denote the evaluation module 

nvM = 7T v° Ad(z d )(a) (a e E/J), TTy^d) = z-^, V z = V[z, z' 1 ). 

Setting 

Rvw( z i/ Z 2> r *> 8 ) = K,a ® t W ;«)^(»'*>*)> ( 2 - 3 ) 

L+(z, r*, s) = K, 2 ® id) q ^ d + d ^n(r*, s), (2.4) 

we have the dynamical RLL relation for B q> \, 

Rpf(z 1 /z 2 ,r* + c,s + h)L^\ Zl ,r\ s)L$ 2 \z 2 ,r\ s + bP>) 

= L$ 2 \z 2 y : s)Lp 1 \z l y,s + hW)Rp£\z 1 /z 2 ,r*,s). (2.5) 

Hereafter we shall write 

r = r* + c, R^ w (z,s) = R^ w (z,r,s), R*y W (z, s) = R vw (z,r*, s), (2.6) 

and normally suppress the r*-dependence. In this paper we will not consider the L~ 



operator since it can be obtained from L + , see Proposition 4.3 in |21 ]. 

Let now J 7 , T' be highest weight L/g-modules on which c acts as a scalar k. Suppose 
we have intertwiners of [/^-modules 

$ v (z) :T ^T' ®V Z , 

which we refer to as vertex operators (VO's) of type I and type II, respectively. Then the 
'dressed' VO's for B qA 

$ v (z, s) = (id ® vry,,) F{r*, s) o <f> v (z), (2.7) 

#^(z, s) = V v (z) o (tt v>z ® id) F(r*, s)" 1 (2.8) 

satisfy the following intertwining relations with the L operators: 

®w(q k z 2 , s)L v (z u s) = R vw ( Zl /z 2 , s + h)L v (z 1} s)<S> w (q k z 2 , s + /i (1) ), (2.9) 
L+(z u s)^* w (z 2 , s + h®) = V* w (z 2 , s)L+(zu s + h^)R* v + w ( Zl /z 2 , s). (2.10) 

We note that all the operators Q2.3|), ( |2.4j) , (|2.7| ), ( j2.8| ) are formal Laurent series comprising 
only integral powers of z. 

Remark. In the present paper, we shall adopt the universal R matrix 1Z = TZ'^ , 
where 1Z' is given in (2.8) of JHJ]. This is purely a matter of convention. The properties 
(2.11)-(2.14) holds equally well for 1Z and TV, and hence the same construction applies. 
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2.2 Fractional powers 

The i?LL-relation (|2.5| ) is unchanged under the transformation of the form 



J v 



z, s 



Ms, h (1) )fi(s + hW,h)L+(z, s)fi* v (s + /i (2) , /i (1) rV(s, h)-\ (2.11) 
ty w {zi/z 2 , s) = wis, hW)n w (s + hM,h<») 

xR vw ( Zl /z 2 , s)n v (s + h^,h^)fi W (s, h®). (2.12) 

Here fiy(s, h), ^w{ s i h), fj,(s, h) are functions possibly depending on z and r, and fi v (s, h) 
means //y(s, h)\ r _^ r *. This corresponds to the freedom of changing the twistor by 'shifted 
coboundary'. Exploiting this freedom, we modify the R matrix by a fractional power of 
z so that it can be expressed in terms of the Jacobi theta functions. 

Consider the image of the R matrix in the evaluation modules (vr; jZ , V^ z ) of spin 1/2 
(see Appendix 0) 

R hn( z i/ Z 2, s) = (vr Ml ® Tc m:Z2 ) TZ(r, s). 

In Appendix |C|, we show that it has the form R~l m {z, s) = Pi m (z,p)Ri m (z, s), where 
Pimk z iV) i s a scalar factor given in flClOQ and Ri m (z,s) has the transformation prop- 
erty ( p.ll|) . Write z = q 2u and set 

R+Ju, s) = z±r(W 1)2 Hs+hV)hU) R +J Z: s)z-^ h{1)2+shil) \ (2.13) 

The R matrix ([2.1 3|) comprises fractional powers of z, but (up to a scalar factor) becomes 
completely periodic, 



Phn(P Z iP) m PL( Z iPY 

It turns out that the R matrix ( |2.13| ) is expressible in terms of the Jacobi theta functions. 
An explicit expression for the case I — m — 1 will be given in ( |4.18j ) below. 
In accordance with (|2.13|) , we modify the L operator and VO's as 

L+(u,s) = ^(^ (1)2+ ( s+ ^ (1) )L+ m (^, S )z-^(^ (1)2+s/l(1) ), (2.14) 

*,(«,<) = z&^W^WQvitfztS), (2.15) 

q?*(u, s) = ** Vl (z, s)z-^ h(1)2+sh(1) \ (2.16) 

We shall focus attention to the L operators L + (u, s) = L±(u, s) associated with the spin 
1/2 representation. The following are consequences of fl2~5|) , (|2.9|) , (|2.10| ): 

Rti 12 \ Ul -u 2 ,s + h)L + M(u u s)L+^{u 2 , s + h^) 

= Z +(2) («2, s)L + ^( Ul , s + h^R^Hu! - u 2 , s), (2.17) 

$ ; (m 2 , s)L + (u u s) = fl+,(ui - u 2 , s + h)L + ( Ul , s)$i(u 2 , s + /i (1) ), (2.18) 

L+{ Ul , s)tf,*(it 2 , s + hF>) = tf?(u 2 , s)L+{ Ul , s + hW)fi£(ui - u 2 , s). (2.19) 
We shall study the relations ( |2.17|) -( p.l9|) in the following sections. 
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3 Elliptic currents and U q #{s\2) 

In this section, we introduce Drinfeld-type currents of U q = Uq(sl 2 ) satisfying 'elliptic' 
commutation relations. We then relate them to the elliptic algebra U qtP (s\2) of \TA\ by 
adjoining a pair of generators P, Q with [Q, P] = 1. 

3.1 Elliptic currents of Uqisty 



First let us recall the Drinfeld currents of U q f2"5 |. Hereafter we fix a complex number 
q ^ 0, \q\ < 1. We use the standard symbols 



q n -q n 

N = — • 

q-q 1 



Let x^ (n G Z), a n {n G Z^ ), h, c, d denote the Drinfeld generators of U q . In terms of 
the generating functions 

x ± {z)=Y,<z-\ (3-1) 
^ 2 z) =q h exp ( (q - q' 1 ) ^ a n z~ n J , (3.2) 

V n>0 / 

^g-^z) = g -*exp (-(g-g-^^a^J , (3.3) 

V n>0 / 

the defining relations read as follows: 
c : central , 

[h, d] = 0, [d, a n ] = na ni [d, x„] = nx^, 

[h, a n } = 0, [h,x ± {z)}= ±2x ± (z) , 

_ [2n][cn] _ c]n] 

[a n , a m \ — q 'o n+m o, 

n 

[a n ,x + (z)]= [ ^q^ n \z n x + (z), 

[a n ,x~(z)\ = -^-z n x~(z), 
n 

(z — q ±2 w)x ± {z)x ± {w) = {q ±2 z — w)x (w)x (z), 

[x + (z),x-(w)] = — L-j (%~ c ^(g c/2 ™) - 6(q c ^Mq^ 2 w)) . 



We now introduce a new parameter p and modify (|3.1| )-( |3~3| ) to define another set of 
currents. For notational convenience, we will frequently write 

2r * — 2c 2r* / * ^ 

p = q , p = pq = q [r = r — c). 
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Let us introduce two currents u (z, p) G U q depending on p by 



u + (z,p) = exp J^f-^^ ' ( 3 - 4 ) 
u~(z,p) = exp ( - V r ^ T a n (? _r z) _n J . (3.5) 



Definition 3.1 (Elliptic currents) We define the currents e(z,p), f(z,p), ip (z,p) by 

e(z,p) = u + (z,p)x + (z), (3.6) 

f(z,p) = x~(z)u~(z,p), (3.7) 

i/j + (z,p) = u + (q c/2 z,p)^(z)u~(q~ c/2 z,p), (3.8) 

rl>-(z,p) = u + (q- c / 2 z,pMz)u~(q c / 2 z,p). (3.9) 

We will often drop p, and write e(z,p) as e(z) and so forth. 

The merit of these currents is that they obey the following 'elliptic' commutation 
relations. 

Proposition 3.2 



6 D (q 2 z/w) Q rj *(q 2 z/w) 

* w = 4we;^> M * a (310) 
^ w<rW = («-';>) e,- (pV+W^ -^^ (3.ii) 

^ WeW ^ W - = g-' ffiffgffi O',), (3-12) 

[e(z),/H] = — i-j- (i( 9 -^)«i + (^V0 - (S^"")) ■ (3.14) 

Here we have used the standard symbols 

G p (z) = (z;p) 00 (pz~ 1 ;p) 00 (p;p) 00 , 

(z;h,.-.,t k ) 0O = J] (i-ztr---C). 

ni,---,nk>0 

It will become convenient later to consider also the current 

k(z) = exp [J2 Jo^i^)" ) ^p ( - J] T^fl^" ) • (3.15) 
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The if) (z) are related to k(z) by the formula 



ip (p 



Kq ±h k(qz)k(q l z), 



z=q 



where the function 



c( x (q 2 z;p,q 4 )oo(pq 2 z;p,q 4 )oc > 
^{z;p,q) ~ 



(q 4 z;p, q 4 )oo{pz]p, q 4 



is a solution of the difference equation 



^(z;p,q)^(q 2 z;p,q) 



(q 2 Z]p)c 
(pz;p)o 



We have the commutation relations supplementing (|3.10Q - (|3.14j ) 

£(w/z;p,q) £(z/w;p*,q) 



k(z)k(w] 
k{z)e{w)k{z)- x 

k{z)f{ w )k{ z y l 



£(w/z;p*,q) £{z/w;p,q) 
Q p * (p^qz/w) 
Q p * {p* 1 f 2 q~ 1 z/w 
P (p l l 2 q- l z/w) 



k(w)k(z) 



e(w), 



Q p (p 1 / 2 qz/w) 



/H- 



(3.16) 
(3.17) 

(3.18) 



(3.19) 
(3.20) 
(3.21) 



The commutation relations ( |3.10| )-( p.l4| ) have been proposed earlier in PEf , but the 
direct connection with the usual Drinfeld currents was not known. In Appendix [B| we 
discuss also the Drinfeld type coproduct for the elliptic currents (|3.6|) - (|3.9|) , (|3.15|) . 

Remark. Strictly speaking, the currents ( p.4|) -( ^9l) , (|3.15|) are generating series whose 
coefficients belong to a completion of ?7 9 (s[ 2 ) ®C[[p]]. At this level, p should be treated as 
an indeterminate. However, in the concrete representations we are going to discuss, such 
as evaluation modules and Fock modules, these currents have also analytical meaning. 
(For a formula for the currents in spin 1/2 evaluation modules, see Appendix |C].) We will 
not go into this point any further, and later treat p, p* as complex numbers satisfying 
\p\,\p*\ < 1. 



3.2 Elliptic algebra Uq^islo) 



The elliptic algebra U q ^{sl2) in |TJ| is very similar to the algebra of the elliptic currents 
(|3.10| )- (|3.14j ), ( |3.19|) -( j3.21|) . In the former, the coefficients of the relations are written in 
terms of the Jacobi elliptic theta function, which differs from Q p (z) used in the latter by 
a simple factor (see ( |3.22| ) below). Let us discuss the precise connection between the two 
algebras. 
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For this purpose, it is more convenient to work with the 'additive' notation. Following 



14]| , we use the parameterization 

ni/rr 



q = e 

p = e 1 , p = e 1 [rr = r t ) , 

z _ g2« _ ^-2-Kiujrr 



We also use the Jacobi theta functions 



m = W = (3.22) 



The function 6{u) has a zero at u = 0, enjoys the quasi-periodicity property 

0( u + r ) = -0(«), 9{u + rr) = -e _7rir " ^T6(u), 
and is so normalized that 



Co 



1 | 

2niz 6{—u) 



where Cq is a simple closed curve in the it-plane encircling u = counterclockwise. The 
same holds for 6*(u), with r and r replaced by r* and r* respectively. 
Now let us introduce new generators P, Q such that 

[Q, P] = 1, Q, P commute with U q (st 2 ). (3.23) 

With the aid of them, we define the 'total' currents obtained by modifying the elliptic 



currents of the previous subsection |3.1| . Below we shall use the notation for the conformal 
weight 

A„ = !2±2. (3.24) 

Definition 3.3 (Total currents) We define the currents K(u),E(u),F{u),H ± {u) by 

K(u) = k( z )e Q z A - p - h - 1 - A - p - h - A -^ +A -^ (3.25) 

E(u) = e(z)e 2Q z~ A - p -^ +A - p +\ (3.26) 

F{u) = f(z)z A - p - h - 1 - A - p ~ h +\ (3.27) 
H±(u) = ^{z)e 2Q ( g ±f^A„ P .,„ 1 -A.p_ h+1 -A* P _ 1+ Ai p+1 (3 2g) 

Here we have set z = q 2u , Ai = A; jr; A* = A^*, and f — r — |. 
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The currents K{u) and H ± {u) are related by 



H (u) = kK\u±- + -\K\u±-- 



r 1 



H-(u) = H + (u-f) 



(3.29) 
(3.30) 



with the same k as in ( |3.17| ). We shall refer to ( |3.25| )-( [3~28| ) as total currents. 

From the commutation relations of the elliptic currents, we can derive those of the 
total currents. Let us introduce a function p{u) by 

p+*(u) 



p(u) 



p+(u) 



where 



„+(«) = = ^' {jK}{wM : 

{2} = (^g 4 )^, 
Ptm( z 'P) is S iven in (EH), and p + *(w) = p + (w)| r _^,,. 
Proposition 3.4 T/ie following commutation relations hold: 
K(u)K(v) = p(u - v)K(v)K(u), 



K{u)E{v) 
K{u)F{v) 
E(u)E(v) 
F(u)F(v) 
[E(u),F(v)}: 
H + (u)H-(v) 

H^^Eiv) = 



6*(u — v — 



T^rE(v)K(u), 



\u — V 



1+r 



9*(u-v + l) 



■) 

F(v)K(u), 



e*(u -v-i) 

6{u-v- 1) 



E(v)E(u) 



6(u-v + l) 



F(v)F(u), 



q e(u-v-i-i) e*(u-v + i + i) 



#*(m ± f - 1)' 



-1 ..\ 1. 1 „\ /•(?•)// : (»)• 



^(^Fiv) 



9(u-vTi + l) 
Here 5(u) means 5(z) = z n = g 2 "^ 



(3.31) 

(3.32) 
(3.33) 



(3.34) 
(3.35) 

(3.36) 
(3.37) 
(3.38) 



l — (8(u - v - C -)H+{u -Z)-6{u-v+ C -)H-(v - -)) ,(3.39) 



(3.40) 
(3.41) 
(3.42) 
(3.43) 
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It is in this form that the algebra [/^(sfe) was presented in |14]. Thus we arrive at the 
following interpretation: 

Definition 3.5 (Algebra U q7 p(slz)) We define the algebra U q #(sl2) to be the tensor prod- 
uct ofUqisi-z) and a Heisenberg algebra with generators Q,P ( \3. 23\ ). 

We note that, when c = 0, the commutation relations ( f3.34| )- ( pT43|) also coincide with 
those of Enriquez-Felder ]17| with K = 0. 

In the bosonization of Appendix D, the elements P, h and Q are given as follows 
(c = k): 

r — k 



p-i =n= 
p + h - i = n' 



2r(r — k) 
k 



Pn 



k 



-P-) 



2r(r — k) r 

k P ° " F 2 ' 



k 



-iQo = -V2a iQ , 



2r(r — k) 

where II, II' are the notation of [ 14jl . The physical meaning of the quantity 2a is the 



anomalous charge of the boson field 0o- We note also that, using the notation ( 3.24 ) of 
the conformal weight, the operator in [14] can be written as 

L = -d + A_ P+ i iT ._ fe - A_ P _ fe+ i >r . (3.44) 

The elliptic currents of U q (sl2) and the algebra [/^(sfe) are naturally extended to 
those associated with arbitrary non-twisted affine Lie algebras. In Appendix A, we give 
a summary of the results and discuss their significance. 



4 The RLL relations 

One of the goals of the present paper is to describe the vertex operators (VO's) §v( z , s), 
^y{z, s) in the bosonic representation of the algebras B^xish) an d Ug^s^) given in Ap- 
pendix D. The intertwining relations for the VO's (|2.9| ),( p7L0|) are based on the operator 
Ly(z, r*, s) defined in ( |2.4| ). In order to compute the VO's, therefore, we need the image 
of the 'dressed' universal R matrix lZ(r*, s) in the Fock space. The latter is given as an 



infinite product of the universal R matrix for Uqish) ||21|| , but we do not know how to 
calculate it at this moment. 

In this section, we take an alternative approach. Namely we utilize the elliptic currents 
to construct a 2 x 2 matrix operator L + (u, P) (see ( (4.17] ), ( [4.22|) ), and show that it satisfies 



the same i?LL-relation (|2.5|) as for Ly(z,r*, s) with V being the spin 1/2 representation. 
Though we do not know a proof, from this construction we expect that (modulo perhaps 
some base change) this L + (u, P) is the same as Ly{z, r*, s) of iB g ^(s[ 2 ) (with s = P). 
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4.1 Half currents 



The commutation relations of the total currents E(u) and F(u) involve delta functions. 
We are going to modify them so as to have commutation relations involving only 'ordinary' 
functions. Motivated by a similar construction in |T7||, we define the half currents of 
^<j,p( s[ 2) as follows. 

Definition 4.1 (Half currents) We set 

K+(u) = K{u+^), (4.1) 

E+(u) = a* I E{u ,f^-u' + c/2 P + l) fl-(l) M (42) 
K J Jc* 6*{u-u' + c/2) 9*{P-l)2mz p y ' 

I , . / . ,,9(u-u' + P + h- 1) 6(1) dz' , A , 

F (u) = a <p F(u')— — - s '-— V r • 4 - 3 

1 K J d(u-u') 9{P + h - 1) 2niz' V ' 



c 



Here the contours are 



C* : \p*q c z\ < \z'\ < \q c z\, (4.4) 
C : \pz\ < \z'\ < \z\, (4.5) 



and the constants a, a* are chosen to satisfy 

a*a9*(l)K 



q-q 1 



1. 



We have to be careful about the ordering of P and E(u), F{u) in ( |4.2|) - (fOD , since 
they do not commute. In fact we have the following commutation relations. 

[K(u), P] = K(u), [E(u), P] = 2E(u), [F(u), P] = 0, 

[K(u),P + h] = K(u), [E(u),P + h] = 0, [F(u),P + h}=2F(u). 

The specification of the contour ( |4.5|) should be understood as an abbreviation of the 
prescription "C is a simple closed curve encircling the poles z' = p n z (n > 1) of the 
integrand, but not containing z' = p n z (n < 0) inside". Similarly for ( |4.4j ). 



The half currents (|4.2|) -(4.3) can also be written in terms of the Fourier modes of the 
elliptic currents (|3.6|)-(pTT|), 

e(z,p) = ^e n z~ n , f(z,p) = J2fnZ~ n - 

Substituting the Laurent expansion 

6(u + s) _ ^ 1 ^_ n+ ^ f 9 _ju\ 

z q 



V - z~ n " 



9{u)9{s) ^ 1 - q-*p 
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valid in the domain 1 < \z\ < \p |, we obtain 



Readers who prefer the formal series language may take Q4.6 ), ( [4.7|) as the definition of 
the half currents. 

We remark that a change of contours leads to different definitions. For instance, we 
can define another pair of currents E~(u), F~(u) by the formulas ( |4.2j )-( T4~3| ), with C*, C 



changed respectively to C* : \q c z\ < \z'\ < \p* 1 q c z\ and C_ : \z\ < \z'\ < \p 1 z\. Then 
we have 

-a*6*(l)E(u) = E + (u)-E"(u), 
-a6(l)F(u) = F + (u)-F-(u). 

This looks similar to the decomposition of the total currents to 'positive' and 'negative' 
parts in |T7J. Notice however that in our case all the Fourier components e n , f n appear in 
E + (u), F + (u), and hence the 'half currents already generate the full algebra. For this 



reason we will not consider E~(u) } F~(u) and the analog of the L~-operator in ]T7 . 

From the commutation relations ( |3.34j )- (|3.43l ) for the total currents, we can obtain the 
relations for the half currents. Recall the function p{u) in ( |3.31| )-( |3.32j ), which satisfies 

0*(1) 



P(0) = 1, p(l) 



p(u)p(-u) = l, p(u)p(u + l) 



0(1)' 

9*(u+l) 6(u) 



6*{u) 6(u + l)' 

Proposition 4.2 Set u = U\ — u 2 . Then the following commutation relations hold: 

K + { Ul )K + {u 2 ) = p(u)K + (u 2 )K + ( Ul ), (4.8) 

K Wu2) K Hui r = - B* M ™°^, (4-9) 

K + {u i y l F + (u 2 )K + ^u 1 ) - ^ W - (4,0) 

^^E+( Ul )E+(u 2 ) + 6 ^±^E-(u 2 )E-(u 1 ) (4.11) 
0*(1) 0*(P-2 + M ) , A2 0*(1) 0*(P-2-u) 



0*(P-2) 0*(u) v 7 0*(P-2) 0*(u) 

^^F + ( Ml )^ + (« 2 ) + ( 4 - 12 ) 
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F + (uif 



9(1) 9(P + h-2-u) 



6(P + h-2) 9(u) 
\E + (u 1 ) 1 F + (u 2 )} = K + (u 2 - l)K + (u 2 ) 



F + (u 2 f 



9(1) 9(P + h-2 + u) 



-K + ( Ul )K + ( Ul -l) 



6(P + h-2) 
d*(P-l-u) 9*(1) 

e*(u) e*(p-i) 

6(P + h-l-u) 6(1) 



9(u) 



9(u) 



e(p+h-iy 



(4.13) 



Proof. These relations can be proven by reducing them to identities of theta functions. 
Let us show Q4.9| ). From the definition of the half currents ( |4.2| ) and the commutation 
relation (|3.35| ), we have 



K + (u l )E + (u 2 )K + (u i y l 



E(u 



c* 



e*( Ul -u' + ^)9* (u 2 -u' -P+l) 9*(1) dz' 
6*( Ul -u' -±±f) 9*(u 2 -u>) 9*(P -l)2niz r 



(4.14) 



Set 



Vs,t( U ) 



9(u + s)6(t) 
9(u)9(s) 



Then the following identity holds: 



^j^y-Vs,t( u 2) = ^u 2 ) > r/s+f -^ M ^ + Vs ^ U2 ~ ( 4 - 15 ) 

We obtain ( |4.9| ) by applying ( f4.15|) to the integrand of ( [4.14| ) with the replacement 9(u) — > 
9*(u), cl — ► 1, s — ► — P ~\~ 1, u — > u' and u x -> u x - (1 + r*)/2. 

Likewise, ( [4.1 1|) leads to an equality between two-fold integrals. It can be shown by 
symmetrizing the integration variables and applying the identity 

^(ui,m 2 ;ui,?4) +ip(u 1 ,u 2 ;u' 2 ,u' 1 ) x — u ) + * j = (u ± < — >u 2 ), 



6(u' 2 - u\ - t) 



where 



1p(Ui,U 2 ] Mi, U 2 ) = —- — T] s +t,t(Ul - Mi)??s-m( M 2 - U 2 ) 

9(ui-u 2 ) 

The proofs of (|4. 1 0| ) , (|4 . X 2|) are similar. 

Finally let us show ( [4.13|) . Integrating the delta function in ( 13.391 ) , we obtain 

(a*ar 1 (q-q- 1 )iE+(u 1 ),F + (u 2 )} 



(4.16) 



H + (u + - 



c.6*( Ul -u'-P+ 1)6* (1) 9(u 2 -u' + P + h- 1)9(1) dz' 



A 1 9*(u x -u')9*(P -1) 9(u 2 - u')9(P + h - 1) 2mz' 
c9*( Ul -u' + c-P+ 1)9*(1) 9(u 2 -v! + P + h- 1)9(1) dz' 



a 2 H ( U A' 9*( Ul -u' + c)9*(P-l) 9(u 2 - u')9(P + h - 1) 2mz r 
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Here the contours are 



Ci : \p*Zi\, \pz 2 \ < \z'\ < |zi|, \z 2 \, 
C 2 : \pzi\, \pz 2 \ < \z'\ < |g 2c 2;i|, \z 2 \. 

Change variables z' — > pz' in the second term and use the periodicity of 9{u) along with 
the relation H~(u' — c/4) = H + (u' — r + c/4). We see that the integrand becomes the 
same as the first, whereas the contour becomes 



a 



\zi\, \z 2 \ < \z'\ <\p q c zi|, \p z 2 



Picking the residues at z' = Z\ , z 2 we find ( [4.13 



□ 



4.2 Gaufi decomposition 



Our next task is to rewrite the commutation relations (|4.8|) - ([4TT3]) into an 'i?LL'-form. 
Following the idea of the Gaufi decomposition of Ding-Frenkel p3| , let us introduce the 
L-operator as follows. 



Definition 4.3 (L-operator) We define the operator L + {u) E End(V) ® U qtP (sl 2 ) with 
V = C 2 , by 



L+(u) 



1 F+(u) 
1 



K+(u) 
K+(u) 



1 

E+(u) 1 



where 



K+{u) = K + (u - 1), K+(u) = K + (u)-\ 



(4.17) 



Note that 



[L+(u), + h} = 0, PL + {u) = L + {u){P - /i (1) ), 



where and h mean h ® 1 and 1 (2) h e End(V") ® ^^(s^), respectively. 

We also need the formula for the i? matrix ( |2.13| ) for / = m = 1. With a further 
transformation of the form ( 2.12|) , R + (u, s) = Rf^u, s) takes the form 



/ 1 



R+(u,s) = p + (u) 



b(u,s) c(u,s) 
c(u, s) b(u, s) 



\ 



1 7 



(4.18) 
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Here p + (w)Q is given in ( |3.32|) , and 

9(8 + 1)9(3-1) 9(u) 



b(u, s) 



C(U, s 



9( s y 9(1 + u y 

9(l)9(s-u) 



clu, s) 



b(u, s) 



9(l)9(s + u) 
9(s) 9(1 + u) 
9(u) 



(4.19) 
(4.20) 



9(s)9(l + uy v ' ' 9(1 + u) 

Up to a scalar factor, this is the same R matrix as eq.(93) in WJft. 

Proposition 4.4 The relations (4-S)-( J^T3j ) are equivalent to the following RLL relation 

R +{l2) ( Ul -u 2 ,P + h)L +w ( Ul )L +{2) (u 2 ) (4.21) 
= L + ^(u 2 )L + ^( Ul )R*^ 12 \ Ul -u 2 ,P). 



Proposition [4.4| can be shown by a direct computation. (A little care has to be taken 
since the entries of L + (u) do not commute with those of R + (u, P).) Since the calculation 
is tedious but straightforward, we omit the details. 

The above i?LL-relation is equivalent to the dynamical RLL relation (|2.17p . To see 
this, let us 'strip off' the operator from the half currents and define 



kt(u,P) = k(q r ~ l z) x (q r ~ 1 z)- , i^( 2P +^+^ h = K + (u-l)e 
kt(u,P) = ktf+'z)- 1 x (q^z)^ 2 ^-^ = K 



uY x e c 



e+(u 1 P) = a*9*(l)J2en 1 _ \ 2P (q 



f + (u,P) = -a9(l)Y,fn T 



c z)~ n - 



we 



_ q-2(P+h~l)pn 



= F + (u). 



These currents all commute with P. We can regard them as currents in U q (sl 2 ) having P 
as a parameter (P plays the same role as A used in [fTTH ). We set 



L + (u,P) = L + (u) 



e~ Q 
e Q 



(4.22) 



1 f+(u, P) 
1 



k?(u,P) 
k+(u,P) 



1 

e+(u,P) 1 



Then Proposition |4.4| is equivalently rephrased as follows. 

Proposition 4.5 The L-operator ( U-23j ) satisfies the dynamical RLL relation 

i?+ (12) («i -u 2 ,P + h)L + ^( Ul , P)L +( - 2 \u 2l P + h?>) 

= L + M(u 2 , P)L+^( Ul , P + h^)R*^ 12 \ Ul - u 2 , P). 



(4.23) 



2 ^This scalar factor differs from (3.16) in see the remark at the end of section |2.1| . 
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5 Vertex operators 



In this section we shall study the VO's for U q>p = [/^(sfe) and compare them with those 
of Lukyanov and Pugai JO] . 

5.1 Intertwining relations 

As in section [|, we start with VO's in the sense of ( [2.7|) , (|2.8|) (or their modification by 
fractional powers Q2.15|) , (|2.16|) ) acting on some highest weight modules Tj over U q {s\2), 



where J is a label for the highest weight. Our main concern will be the Fock modules 
described in Appendix [D[ However, for the general considerations till the end of the next 
subsection, we do not need the details of Tj. For this purpose it is convenient to consider 
the VO's as acting on the sum of the Fock spaces T = 

We define the VO's for U qtP acting on the total Fock space T = (B^J 7 ® e M< ^ by 

$,(«)= : r^T®V^ (5.1) 

$*(v) = V*(v,P)e mQ : V Uv ®P^P. (5.2) 

Here, just as in L + {u), the P in $i(v) and ^*(v) is regarded as an operator on T. For 
the notation about the spin 1/2 representation Vi )V , see Appendix |C.1| . 

The basic relations we are going to investigate are the dynamical intertwining relations 
in ( |2.18|) and (|2.19|) . We shall solve them by replacing R{i(u, P) and L + (u,P) with 
Rti{u,P) in ( 10171) and L+(u,P) in (ggg ) respectively. Substituting (p|), Q and 



5j) into d2ll) and (|2~T9| ) and writing U\ = it, m 2 — ^ , we get the following for $/(t>) 



and **(t>) : 

$i(v)L + (u) = Ru (13 \u -v,P + /i)L + (m)$;(u), (5.3) 
= %(v)L + (u)i?;+ (12) ( M - v, P - - h^). (5.4) 

It should be noted that a natural coproduct for U q>p is not known, and hence the 
meaning of intertwining relations for it is not clear. Eqs. (|5.3Q )( |5~4D should be regarded 
as a compact way of writing the family of intertwining relations for Bq } \(sl2). With this 
understanding, we shall sometimes refer to (|5.3|), (|5.4|) (somewhat loosely) as 'intertwining 
relations for U q J ■ 

Now using the explicit form of the R- matrix QC.17|) , let us write down the 'intertwining 
relations' (5.3) and (5~3). We shall write the entries of L + (u) as 



L + {u) 



L+ + (u) L\_{u) 
LtJu) L+_(u) 
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According to the Gau8 decomposition (|4.17|) , we have 



L+ + (u) = K + (u - 1) + F+{u)K+{u)- x E + {u), L\_(u) = F+(u)K + (u)-\ 
L + Ju) = K + (u)- l E + (u), L+ (u) = K + (u)-\ 



Define the components of VO's by 

1 ' 



m=0 



*r(«- £ ^)K®-) = «T»- 

For brevity we set <pi(u) = ifi(u + |), <p*(u) = f*{u + and A = P + h. Here </?j(w) is 
given in ( |C.16|) and </?*(u) = y^(w)| r _^ r *. I n these notations, ( |5.3|) reads as follows: 



(pi{u - v)$ l)Tn (v)LX ± (u) 

- m. -+- 1 )f)(A 4- I — 777. -I- 1 WA — 771.1 - 

-L+ ± (w)$, jm (t; 



6>(tt - u + | - m + 1)0(A + 1 - m + 1)0(A - m) 



6{A)6{A + l -2m + 1) 

Lt ± (u)$i, ro -i(v), (5.5) 



0(w-w + A + |- m + l)0(m 



0(A + /-2m+l) 
£,(u - u)$; jm (7j)Ll ± (u) = -9(u - v - \ + m + l)L± ± (u)$ hm (v) 



9(u-v-A-±+m + 1)9(1 - m) 



9(A) 

Similarly (|5.4j ) takes the form 



L+ ± (u)$i >m+1 (v). (5.6) 



9*(u-v+ l -^-m+l)9*(P-l + m-l)9*(P + m) # ~ + 



9*(P -l + 2m-l) 
tf(u - v)L+_(u)*l m (v) = -9*(u - v -l^ + m + l)*lJv)L+_(u) 
9*(u-v + P- l -^ + m + l)9*(m + l) 



9*(P) 



-n m+ i(v)Ll + (u). (5. 



Let us investigate the relations ( |5.5| ) and (|5.6|) in detail. For the highest component 
&i,i( v ), we can immediately obtain from ( |5.6|) the relations 



0t(u - v^j^K+iu)- 1 = -9(u ~v+ l - + l)K + (u)- l ^(v), (5.9) 
^ l (v)E + (u) = E + (u)^(v). (5.10) 
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Notice that u = v — | — lisa zero of (pi{u — v). Suppose that in the relation (|5.5| ) the 
product of $>i >m (v) and F + (u) has no pole at this point. Then we obtain a relation which 
determines the components of VO's recursively: 

$i,m-i(v) = F + (v - ^) g(A g ( ^ m) *U") (jn = 0, 1, ..,/). (5.11) 



We will show below (Proposition |5.1|) that this assumption is satisfied in the free field 
realization of U q>p . Substituting (|5.9|), ( |5.11| ) into ( |5.5| ) and using Riemann's theta identity, 
we find the following relation as the sufficient condition for (|5.5|) with the choice of the 
lower sign: 

MtWu = J} -^F{u)^{v). (5.12) 

6(u — v+ |) 

By ( |5.9| )-( |5TT2"|) , the remaining relations in ( |5.5| )-( |5~E| ) are reduced to those involving 
the highest component $i t i(v) and K + (u), E + (u), F + (u). In order to ensure the existence 
of VO, we need to verify them. For level one (c = 1), we have verified that they are 
consequences of Proposition [4.2| . In general, such a direct check seems complicated, and 
it would be better to invoke the fusion procedure. We do not go into this issue any further. 
Note however that, had we known the equivalence with the quasi-Hopf construction, there 
would be no need for the check because the existence of VO is clear in the latter context. 

Similarly, the intertwining relations ( |5.7| ) and (|5.8| ) for the type II vertex operator lead 
to the following relations as the sufficient condition for the highest component: 

#(« - v^+iuy^Kv) = -fy* ll (v)K + (uy 1 6*(u -v+ l -^ + l), (5.13) 

%(v)E(u) = f(, (5.14) 

9*{u — v — |) 

^ Jt (v)F + (u)=F + ( U )^(v) t (5.15) 
and the relation for the lower component 

We remark that in the derivation of (|5.16|) , we took u = v — 1 ~y — 1— r* as a zero of 
<p*(u — v). If we chose a zero without the shift by r*, we would have an extra term in the 
RHS of ( |5.14j ). The shift of u by r* in E + (u) yields a change of the contour in (|4.2j ). For 
example, we have 

l + c / ..e*(v-u' -//2-P+l) 6*(1) dz' 

E + (v r*) = a* <p E{u')- 



2 ' Jc* 9*(u-u' -1/2) 6*(P -l)2mz' 

with the contour being 

C* : \q- l z\ < \z'\ < (5.17) 
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5.2 'Twisted' intertwining relations 



In order to compare these results with those in [£LT[], and ||14j| , we need a further 
modification by signs. In P7fl , the modified VO's are called 'twisted' intertwiners 

In the case of Uqfak), the twisted type I and the type II ) VO's are the 

intertwiners of the same type as $y(t> ) and ^ v (v ), but satisfying the following intertwining 
relations twisted with signs: 



& v (v)L{a) 
V*' v (v)A(a) = L{a)V 



(5.18) 
(5.19) 



where t denotes the involution of U q (sl2), 



i(a n ) = a r 



Analogously to the procedures (|2.7p, (|2.8|), ( |5.1| ) and (|5.2|), we can define the 'twisted' 
VO's ^[(v) and (v) for U qtP as the operators of the same type as ( |5.1| ) and (|5.2|) but 
satisfying the following 'twisted' intertwining relations. 



$;(i;)L + '(u) =R + ( 13 \u-v,P + h)L + (u)$' l (v), (5.20) 
L + '(u)$?(v) = $f(v)L + (u)R* +{12 \u-v,P -/i (2) ). (5.21) 

Here the 'twisted' L-operator L + ' (u) has the following components: 



L+ ± (u), 



L + ±T {u) 



Defining the components of the 'twisted' VO's as 



1 1 



m ■ 



m=0 



%>-^)K®-) = *1,>)> 



we obtain the 'twisted' counterpart of (|5.9|)-(|5TT6|) as follows: 



I 



u-v + - + l)K + (u)-^l(v) 



U{U — v — I , 



F + (V - -)— TTTT (v 



6(A) 



(5.22) 
(5.23) 

(5.24) 
(5.25) 



3 ^This terminology is not to be confused with the 'twisting' in the sense of quasi- Hopf algebras. 
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for type I, and 



#(« - v)K + {ur l ^{v) = -^[^K+iuy^iu - v+ l -±^ + l), (5.26) 



0*(o, — v + L) 

= -E(uW»^ ^4, (5-27) 



*1»P» = (5.28) 
./ , n j-/ ^ + c *,0*(m)0*(P- Z + m- 2) 

= - — - r V(i-,» + i)np-2) - (5 ' 29) 



for type II. (See the remark below ( |5.16| ).) 



5.3 Free field realization 

kg,p( s[ 2) admits a free field representation for arbitrary level c = 0,-2) fL4|(see 
Appendix D). Using this, we obtain a realization of the VO's. We consider below the 
'twisted' VO's. The non-twisted ones are obtained in a similar way. 



Proposition 5.1 Using the notation in Appendix D, the intertwining relation ( 5.2C ) has 
the following solution: 



&l,i( v ) = </>k-l,-(k-l)M : exp|-0' o (Z; 2, k\w)j : (/ = 0, 1, .., k), (5.30) 
<b' M - / TT / J*l\ l Yr O(v-u j -i + A-l + 2j)e(l)e(A + l-m-l + 2j) 

n-m \ 

Jln^)jKi( v ) (m = 0,W), (5.31) 



x 



where w = q 2v , Zj = q 2uj , A = P + h and 

(j> h±l {w) = : exp{-0 2 (±1; 2, fc|w; ±|) - fa (Z; 2, fc + 2|m; } : • (5-32) 

Similarly ( \5. 2\ ) has the solution 



= : exp|0 o (Z; 2, fc|*) j : (Z = 0, 1, 2, ..,k), (5.33) 

f l—m „ , \ /£— m 



n>)=(n^^)n<«>(n*M 



X 



g* - - 1 - p + 1 + 2(1 - m - j))e*(i)e*(p - j - i)g*(z - j + 1) 

11 e*(v-Uj - \)9* (P- 1 - 2(/ -m - j))0*(P- 2 -2(1 -m - j))0*(j) 

(m = 0,1,..,/). (5.34) 
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The contours Cj and C* (j = 1, 2, .., I — m) are taken 



as 



Q- m ■ \q l w\,\pq- l w\ < \zi- m \ < \q~ l w\, (5.35) 

Cj : \q l w\, \pq~ l w\, \q~ 2 Z j+1 \ < \zj\ < \q~ l w\ (j = 1, 2, .., I - m - 1), (5.36) 

Cl m : \q- l w\ < \ Zl _ m \ < |p-V«>U<M (5-37) 

(7* : |g-^|,|gVil < N < VH W (j = 1, 2, .., Z - m - 1).(5.38) 



Sketch of proof . First of all, we should note that the relations (|5.22f )- (|5.24j) and (|5.26|) - 
( |5.28| ) coincide with those in Proposition 4.4 in |TJ]] if we identify <&'u{u) and ^/*'u(u) 
with $f\u) and ^f } *( u) in ||14j| , respectively. Using the bosons do,mj a i,mj a 2,m defined in 
Appendix D, the expressions ( |5.30|) and (|5.33|) are the unique solutions of them up to a 
scalar. 

Next, the expressions ( |5.31|) and (|5.34|) are the direct consequence of ( |5.25|) and (|5.29 ). 
The contours are determined from ( [4.5[ ) with the replacement z — > q~ l w, (5.17) and the 
following OPE's derived from ( |5.30|) , ( |5.33|) and Proposition D.3: 



^ w («)F(tt) = w i-i (Pg^Mp)oo ; Ki(v)F(u) • 



F( U )$' («)=z 



(qh/w^p)^ 
L_ 1 (pq~ l w/z;p) c 



%\(V)E(U) = W r-h 



E{u)% l {v) = z r- k - 



(q l w/z;p) 00 
x (p*q l z/w;p*) 



(q l z/w;p*) c 
1 (p*q l w/z;p*) c 
(q- l w/z;p*) 



: &v(v)F(u) :, 

: E(uW,(v) :, 



(5.39) 
(5.40) 
(5.41) 
(5.42) 



E(u)E(u') 



z ^ T (p*q 2 z'/z;p*) 
(q 2 z'/z;p*) OQ 



— : e ~Mk\z) e -Mk\z>) 



X 



(g-g x ) 



. * 7 (z)* 7/ (z') : +g- x : ^(z)^) :)), (5.43) 

F(u)F(u') = z- My/^l 00 : c #<*l') e *(*l*') : 
(q- 2 z , /z;p) 0O 



x 



(g- g 



^(g-^l - -)(: ^CWCO : + : (z)*+ (z') : 



_(1 _ : (a 7 ) : +q : 



where //(.z) are given in (p.!2|) and (|D.28| ), and z = q 2u , z' = q 2u \ w = q 2v . 



(5.44) 



In the derivation of (|5.25|) and ( |5.29| ), we made an assumption that no counter poles 
to the zeros of (pi{u — v) and ffiiu — v) appear from the OPE's <&' lm {v)F + {u) and 
E + (u)^f m (v). The verification of this assumption is not so hard. Substitute the OPE's 
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(|5.39| )- (|5.44j ) into the products & lm {v)F + {u) and E + (u)^f m (v ), we can show that such 
counter poles do not appear. 

We have also checked at level one (k = 1) that, upon elimination of $'i im (f) and 
^i'm( v )i the rest of the intertwining relations are consequences of the commutation rela- 
tions for the half currents in Proposition 4.2. As we mentioned already, such a direct check 
is difficult for higher levels. However, modulo the assumption about the equivalence with 
the quasi-Hopf construction (where the existence of the VO's is known), the expressions 
(|5.30| )- (|5.34| ) are unique up to a scalar factor and a choice of an equivalent set of three 
bosons. n 



5.4 Level one case (k = 1] 



In this case, writing $_(t>) = ^[^(v), $+(t>) = & 10 (v), (v) = ^*'i(v) and ^* + (v) 
\&*' (f), we have from Proposition |5.1|, 



$_(¥) 



exp 



$ , ( v ) = a 



{-0o(2|« 

dz' (pq^w/z'; p)^ 0(v - u' - \ + A + 1)0(1) 

T (qw/z'-p)^ 9(v - v! - p(A + 1) 



2niz' 



: F(u')$-(v) :, 



**_(?;)=: exp|0 o (2|*) }> :, 

r dz' 
<c 



(5.45) 

(5.46) 
(5.47) 



^ + {v) = a <t> tt~i '■ ^ -\v)E[u J : w -i — ^ — - , 

27rzr (g l z'/w;p*) oc 6* (v — u' — ±)9* (P — 1) 

(5.48) 



where the contours C and C* are given by ( |5.35D and ( |5.37| ) letting / = 1, m = 0. Since the 
level one parafermion theory is a trivial theory, one can neglect the parafermion currents 
in E{u) and F{u). Then, the expressions (|5.45|) -( |5.48|) agree with the results in [|ll| and 



Remark. Our notation here is related to those of |12| as follows: 

1 



x 



Pn 



[2m] 



[2m] 

Q = Qo, P = Poi 

L - 1 = P (in (ggp) = n + 1, J ftT-l = A = n / + l, 
A(z) = F(it), fl(z) = £(u). 



6 Discussions 
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6.1 Classical limit 



We have not been able so far to identify the L-operator constructed in section [| with 
the one obtained by a quasi-Hopf twist ]2"I| . In this subsection, we study the classical 
limit of the elliptic algebra B q ^x(sh) in the RLL formulation, and compare it with the half 
currents ( |4.6|) , ( f4.7|) in the quantum case. 

Let a = 5I2, with the standard generators e,f,h. Let ( , ) be the invariant inner 
product normalized as (h, h) = 2, (e, /) = (/, e) = 1. We consider the homogeneous 
realization of the affine Lie algebra g = 5(2, 



g = span{e n , /„, h n (n 6 Z), d, c}, 

[•^mj ?/n] y\m+n 

c : central . 



In what follows, we identify ho G g with h G a. 

Let us recall the notion of a quasi-Lie bialgebra pOf which is the classical counterpart 
of a quasi-Hopf algebra. By definition, it is a triple (jj, 5, tp) consisting of a Lie algebra g, 
a 1-cocycle (cobracket) 5 : g — > A 2 g and a tensor G A 3 jj, satisfying 



-Alt (5 ® l)6(x) = [x {1) + x {2) + x (3) , p], 
Alt (5 (8) 1 ® 1)^9 = 0. 



(6.1) 
(6.2) 



Here the symbol Alt stands for skew-symmetrization. In the case of B gj \(sl2), the corre- 



sponding quasi-Lie bialgebra structure on g is given as follows |19 



S(x) = [x (1) +x (2) ,r], 

if = -2 (D^rW - D®r™ + D^r^) . 



(6.3) 
(6.4) 



Here r denotes the classical r matrix 



\h <g> h + - 1 fr n ® h_ n + 2 - — - — -e„ <g> /_„ 
^— ' 1 — w i p n 



e_ n + c®d + d®c, 



(6.5) 



with p, w being parameters (having the same meaning as in the body of the text), and we 
have set 











D (i) r (jk) = c (i) p + h®w— r (jk) . 



dp 



dw 
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Let p z : g' — > a <g> C[z, z x ] (g' = [g, g]) be the evaluation morphism given by p z (x n ) - 
xz n [x = e, f, h), p z {c) = 0. Setting r' = r — c® d — d £g> c, we define 

= (p, ® id) r', r(z) = (id ® p x ) £+(^). 

These are formal series with values in a <S> g and a <S> a , respectively. Explicitly we have 



C + (z) = h 



+e 



( -h + y^—^—z n h^ n ) 



r(z) = h® h 



(6.7) 



Up to a change of 'gauge' and the extra zero-mode operators P, Q, ( |6.6|) agrees with the 
classical limit of the L operator based on the half currents ( |4.6| ), ( (4.7[ ). 

According to Drinfeld p0| , there is a bijective correspondence between quasi-Lie bial- 
gebras and Manin pairs. This means the following. Let Dg = g®g* be the direct sum with 
the dual vector space g*. Equip it with the inner product ( , ) requiring that it vanishes 
on g x g, g* x g* and coincides with the canonical paring on g x g*. Then, for (g, 5, <p) 
a quasi-Lie bialgebra, Dg is endowed with a unique Lie algebra structure (the classical 
double) such that ( , ) is an invariant inner product for Dg. Moreover the correspondence 
(g, S, ip) <-> Dg is one-to-one. 

In the present case, let us take the dual basis e* , /*, h* n (n € Z), d*, c* of g*, with the 
dual pairing given by 

(x m ,y*) = (x,y)5 m+rij o, (d,c*) = l, (c,d*) = l, others = 0. 

Set0 

C~(z) = -h®h-{z) + e® f~(z) + / <g> e~(z), (6.8) 

x ~{z) =^2 X n Z ~ n ( x = e ,f,h). 

Then the dual pairing takes the form 

(£ +(1) (*i), £- (2) te)> = r^W**). 

4 )The Cr (z) is a generating series in g* and is independent of C + (z). It should not be confused with 
the classical limit of the L~(z) operator in pl| which has a simple relation with L + (z). 
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With the above notation, the Lie algebra structure of Dg can be described as follows. 
[£^( Zl ),C ±{2 \z 2 )] = -[r^\z 1 /z 2 ),C^ 1 \z 1 )+C^(z 2 )] 

±2w JL (h^£+^(z 2 ) - hW£ + W( Zl ) + hr^\ Zl /z 2 )) ± 2cp^ 12 \ Zl /z 2 ), 
aw op 

[C^\ Zl )X- {2 \z 2 )\ = -[r^( Zl /z 2 ),C^\ Zl ) + C-^(z 2 )} 
+2w-^ (hW£^ 2 \z 2 ) - h^C + ^\ Zl ) + hr^\z x /z 2 )) 

+2cp^ 12 \ Zl /z 2 ) - c *z^ 12 \ Zl / Z2 ), 
c, c* : central , [d, d*] = 0, 
[d,£ ± (z)] = -z^£ ± («) ) 

[d\CHz)] = ±2p^-C + ( Z )- Z ^C-( Z ). 



Here we have set 



(-h + V — 

I 2 



n „* 



£-(z) = h ; j -// + > — 

( ^ i Er^^) +/ ® fZi — —'~' ( 

Notice that, because of the quasi-Lie nature of (g, S, ip), g is a Lie subalgebra of the double 
-Dg whereas g* is only a linear subspace (the Lie bracket does not close inside g*). 

A similar description is possible for the classical limit of A q , p (sl 2 ) } but we omit the 
details. 



6.2 Comparison with Enriquez-Felder 

In |T7ll , Enriquez and Felder studied the quasi-Hopf structure of an elliptic algebra Ung{r) 
associated with the face- type R matrix. This algebra Uhq{t) contains a central element 
K. Roughly speaking, Ungij) and U qtP (sl 2 ) are central extensions of the same algebra, as 
we already mentioned in section |3.2| . Let us examine the main differences between the 
two algebras. 

The formulation of [pjj starts with an elliptic curve with modulus r and a coordinate 
u on it. The latter plays the role of an 'additive' spectral parameter, to be compared 
with our 'multiplicative' spectral parameter z = q 2u . In the classical case, the relevant 
Manin pair in |17| is defined by assigning 'positive' and 'negative' parts in powers of u. 
Accordingly, in the construction of the half currents, the integration contours are chosen 
around a point in the w-plane. In our case, the integrations are taken along a circle around 
the origin on the z-plane. 
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A more serious (perhaps related) difference arises in the quantum case. In JT^], the 
curve is fixed throughout quantization. In contrast, in the presence of the central term 
c, we have to deal simultaneously with two different elliptic curves with nomes p and 
p* = pq~ 2c . This makes it difficult to adapt the geometric construction of [17]. 

The nature of the central element K G U%q{t) and c G U qjP (sl-2) are quite different. 
Being dual to the grading element d G g, K seems similar to the element c* G g* in the 
double Dg discussed in the previous subsection. For infinite dimensional representations 
and bosonization, we feel that it is more natural to consider extension by c. A similar 
distinction has been discussed in the context of the double Yangian |5S|| . In []I7|, U^{t) is 
initially endowed with a simple Hopf-algebra structure given by a Drinfeld-type coprod- 
uct. The quasi-Hopf structure related to the dynamical RLL relation is then obtained 
by constructing a suitable twist from the initial Hopf structure. Such a Drinfeld-type 
coproduct persists in the presence of c as well, but it provides only a quasi-Hopf structure 
(Appendix ]B|). 

Let us also mention a 'physical' reason why we prefer z to u. Recall Baxter's corner 
transfer matrix (CTM) method |2J|. A CTM is composed of a product of infinitely many 
Boltzmann weights. For the elliptic models, the individual weights (with appropriate 
normalization) are doubly periodic functions in u. The most important property of CTM 
is that, in the infinite lattice limit, the eigenvalues are all simple integral powers of z. This 
means that, in passing to the infinite lattice limit, one of the periods is lost. It is because 
the infinite lattice limit makes sense only inside the physical region, whereas shifting by 
another period takes us out of that region. Intuitively the L-operators generating the 
elliptic algebra are also products of Boltzmann weights on a single row of the lattice. The 
above argument indicates that in infinite dimensional representations the currents of the 
algebra possess only one period, and that z is the natural variable to use. 



6.3 Space of states 

Let us discuss how we view the space of states of the /c-fusion unrestricted ABF model 
in connection with the algebras B q% \{s\2), U q ^(sl 2 )- The parameter r* in A = (r* + 2)d + 
(s + 1)\h corresponds to the elliptic nome. We shall argue below that the parameter s 
corresponds to the boundary height degrees of freedom. 

First consider the 'low temperature' limit p, q — > 0. Let us recall the 'paths' of the 
spin fc/2-XXZ model |30|]. A vertex-path v is a semi-infinite sequence v = (• • • , v(2), v(l)), 
where v(l) G {0, 1, • • • , k}. We have k + 1 different ground state vertex-paths v m (m = 
0, 1, •••,&) given by 

cm for / = mod 2 

^ (/) = \ U f / - 1 ^9 (6 ' 9) 

k — m for / = 1 mod 2. 
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We say v is an m-vertex-path if it satisfies the boundary condition v{l) = v m (l) for I 3> 1. 
We assign a weight to an m-vertex-path by the formula 

wt(v) = m(A x - A ) + y]Q3 w (0 - w(0) a i ~~ M v )(«o + 

where /i(i>) is the 'energy' of the path v (see |30] for definition). The collection of all 
m-vertex-paths can be regarded as (the low temperature limit of) the space on which 
the CTM of the fusion vertex model acts. Its character Y2 V 

g h(v) z (wt(v),h) ( gum Qver the 

m-vertex-paths) is known to be the same as the character of the integrable highest weight 
U q (s I2) -module V(fi m ) of highest weight 

A*m — (k — tti)A + mAx. (6.10) 

Next we consider the paths for the unrestricted /c-fusion ABF model. A face-path 
s is a semi-infinite sequence s = (• • • , s(l), s(0)) of integers s(l) G Z, subject to the 
admissibility condition s(l) — s(l — 1) G {k, k — 2, • • • , — k} for I > 1. A face-path s is 
called an (m, n)-face-path (m G {0, 1, • • • , k}, n G Z) if it satisfies the boundary condition 
s(l) = Sm,n(l) for I ^> 1) where s m , n signifies the ground state face-path 

Vn(0) = ra + m, 

^m,n(0 ^m,nij' 1) 2'U m (/) fc. 

From a face-path s, we can construct a vertex-path as (■ • • , (s(2)— s(l)+k)/2, (s(l) — s(0) + 
k)/2), and conversely we obtain a unique face-path from a vertex-path up to a uniform 
shift s(l) — > s(Z) + a (for all /). Thus an (m, n)-face-path s is uniquely represented by an 
m-vertex-path v as 

s{0)=n + m + Y^2(ym(l)-v(l)), 

l>0 

s(l) - s(l - 1) = 2v(l) - k. 

The parameter n determines the 'boundary height at infinity', and the 'bulk configuration' 
is described by some m-vertex-path v. 

Returning to the finite temperature situation < \p\ < \q\ < 1, let us consider the 
space 7im,n for the face model CTM under the boundary condition determined by m, n. 
As we have seen, for each fixed n, the character of 7i m ,n is the same as that of the 
C/ g (s[ 2 )-module V(/i m ). Since B qt x{sh) has the same representations as the underlying 
algebra U q (sl2), 7~(-m,n can also be viewed as the level k irreducible highest weight module 
V(fi m ;r* : ,s) over # ?)< \(s[ 2 ) with A = (r* + 2)d + (s + Let us consider the relation 

between n and the parameter s. As we have discussed in the main text, the algebra 
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Uq iP {s\2) consists of two sectors, [/^(sfe) and a Heisenberg algebra generated by P, Q with 
[P, Q] — — 1. A representation of this Heisenberg algebra is given by the zero mode lattice 
spanned by e~ n ®\0) (n e Z), where P|0) = 0. The operator P takes a fixed value n on 
each state e~ ra< ^|0). Thus we can regard the direct sum 

V(fi m ,r*,n)®e- nQ (6.11) 

nSZ 
m=0,l, ■••,*! 

as a f/q^s^-module. This suggests that it is natural to identify s with n. The above 
picture is consistent with the manner in which the dynamical shift appears in the RLL 
relation for L + (u, P). 

In summary, we identify the [/^(s ^-module ( |6.11| ) with the space H, 



n= n m , n , (6.i2) 



nGZ 
m=0,l, 



on which the CTM of the /c-fusion unrestricted ABF model acts under all possible bound- 
ary conditions. 

6.4 Further issues 

Finally let us mention some related works and open problems. 

(i) In [13], the algebra ^^(s^) was found by deforming the free field realization of 



the coset CFT Z7 (512)1 ® U(sl2)k/U(sl2)i+k- As has been pointed out in fll|| , in the 
case k — 1, U q , p (sl2) appears as the algebra of screening currents for the deformed 
Virasoro algebra (DVA). (For the coset-type description of the RSOS model and 
DVA, see [0, 31].) We wish to understand the conceptual meaning of DVA from 



the quasi-Hopf point of view. 

(ii) We note that the screening operators for the deformed W n+ \- algebra coincide with 
E{u), F{u) of Uq^sh) at level one up to some cocycle factors which adjust signs 
in the commutation relations (Appendix A). A 'higher rank extension' of DVA (the 
deformed W^+i-algebra) and its screening currents have been studied in |32j, |33| . 
The VO's for the A [ n ] face models is constructed in |34j by the use of the screening 



operator for the deformed PVn+i-algebra. The cohomological structure of the Fock 



module of the deformed W^+i-algebra is studied in [35]. Even though not everything 
has yet been made clear, these works indicate that the deformed PVn+i-algebras play 
the role of the dynamical symmetry of the An face models. 
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Ill 



In |36|], the deformed H^-algebra W qt t(g) associated to an arbitrary simple Lie al- 
gebra g has been proposed. It can be regarded as a quantization of the deformed 
Poisson VT-algebra obtained from a difference analogue of the Drinfeld-Sokolov re- 



duction |37], |38|. On the other hand, we have obtained the algebra U q%p (%) for an 
arbitrary non- twisted affine Lie algebra g, extending the results for £/ g)P (s[ 2 ) as shown 
in Appendix A. For non-simply laced g, there is a considerable difference between 
the Drinfeld-type currents for U qjP (g) at level one and the screening currents for 
Wg,t(fl). It seems natural to have such a difference since these two have different 
CFT limits; the former originates from the coset construction U(g,)k®U(g,)i/U(g)k+i 
and the latter from the Drinfeld-Sokolov reduction of the loop group G((z)). We 
thus expect the existence of another type of deformed VF-algebra for non-simply 
laced q corresponding to U q ^(o). 



(iv) A superalgebra version of the M^-algebra was proposed recently in ||39|| . We hope this 
class can be treated through the Lie superalgebra version of the quasi-Hopf struc- 
ture [2^]. We note also that a construction of some extended version of DVA and 
deformed IV-algebras from the vertex-type elliptic algebra A q ,p(sln+i) is discussed 



in the works 40, 41, 42, 43 . 



(v) It is also tempting to guess that there is a 'higher level extension' of the deformed 
Virasoro algebra whose screening currents are given by E(u), F(u) of U q ^ p (sl2) at 
level k. Such an algebra would be a deformation of (fractional) super- Virasoro 



algebra in CFT (see |14| for detailed discussions). It is an open problem to find 
such an extended algebraic structure. 



(vi) In this paper as well as in ||21[| , we focused attention to the case where the parameters 
p, q are generic. In terms of lattice models, we considered only the unrestricted SOS 
case. The RSOS case corresponds to non- generic p and needs special treatment. We 
wish to understand in particular the mechanism of obtaining possible extra singular 
vectors.^ The structure of the states of the RSOS model was also approached by 
using the quantum affine algebra t/ ? (s[ 2 ) [[U]], and the DVA current was constructed 
within this language |10, |3l| . It is desirable to study the relationship between this 
description and the one based on the quasi-Hopf algebra. 

(vii) An algebraic approach to the fusion ABF models has been presented on the basis 
of the quasi-Hopf algebra B^xish) and the elliptic algebra U q ^ p (sl2) in this work. 
Another interesting direction is to study Baxter's eight vertex model and Belavin's 



5 ) In this connection we refer to the works Q, [45) on DVA and deformed VF-algebras, where a detailed 
study is made on the Kac-determinant and properties of extra singular vectors at roots of unity. 
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generalization. Recently, a remarkable bosonization formula of the type I VO for the 
eight vertex model was proposed by Lashkevich and Pugai jR|. They succeeded in 
reducing the problem to the already known bosonization for the ABF model through 
the use of intertwining vectors and Lukyanov's screening operators. To understand 
their bosonization scheme, it seems necessary to clarify the relationship between 
the intertwining vectors and the two twistors F(X) and E(r), which define B q ^(sl n ) 
and A?,p(stn) respectively. It is also interesting to seek a more direct bosonization, 
which is intrinsically connected with the quasi-Hopf structure of A^pC^) an d does 
not rely on the bosonization of the ABF model. 
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A Elliptic currents for general q 

In this appendix we give the elliptic currents and the algebra U q)P (g) for non-twisted affine 
Lie algebras g. 



A.l UJq] 



Let g be an affine Lie algebra of non-twisted type associated with a generalized Cartan 



matrix A 



and let g be a corresponding simple finite dimensional Lie algebra. 



Fixing an invariant bilinear form ( , ) on the Cartan subalgebra f), we identify fj* with \) 
via ( , ). Denoting the simple roots by acj, we set \j = djdjj = bji with di = (pti,a.A/2. 
Hence B = (6^) is the symmetrized Cartan matrix. We also set qi = q di and 



n 



Qi ~ Qi 



-l ' 



n 



q — q 



-l ' 



m 
n 



\n\i\\m — n 



Qi ~Q l Qi~ Qi 

Consider the quantum affine algebra U q (&) of non- twisted type, and let 



x i U) 



ipi(q c/2 z) = q^ exp - q- 



<Pi(q 



-c/2. 



Qi hi exp 



) ^ O^i^nZ J ? 
n>0 / 

[-{Qi - QT^^a^-nzA 

\ n>0 J 



(a.i; 
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be the Drinfeld currents (i = 1,2, .., rank g). The defining relations for U q (g) read as 
follows: 

c : central , 

\h%i d\ 0, [g?, (X^n] ^^,n> x i^r\ ^^%n> 

[^i,%,n] = 0, [/^^(z)] = ±Oijxf(z), 

r 1 _ [ a ij n U Cn )j -c\n\r 

Th 



[a itn ,xUz)] = 



±q^z n x+(z), 
n J 



[a i , n ,x j (z)} = —^^ z n x j (z), 
j n 



(z - q ±bij w)xf(z)xf(w) = (q ±b ^z - w)xf(w)xf(z), 

[xt(z),xj(w)} = Uq- c -mq c/2 w) - 5(q c -)^(q- c/2 w)) , 

Qi — a. \ w w J 



ED-)' 



% - 5. 

a" 1 



X *>«Ml) ' ' ' X i,m„( l) X j,m X i,m„( l+1) ' ' ' X i,m a{a) 0) 



aeSa 1=0 

(i^j, a = 1 - Ojj, mi, • • • , m a e Z). 
In the last line, S a denotes the symmetric group on a letters. 

A. 2 Elliptic currents 

Let us introduce the currents uf(z,p) e with p = q 2r by 

u t(z,p) = exp 



u~(z,p) = exp [ - ^ -i- a ijn (g~ r 2)~ n J . 

\ n>0 '■ r?7 '^ / 



Then the following commutation relations hold. 
Lemma A.l 

ut(z,p)x+( W ) = (A.2) 

ut(z,p)xj(w) = ^^^- xjWutfrp), (A.3) 

-/ n +/ x (pq~ bij ~ c z/w;p) 00 + _ 

(z,p)xj(w) = - — t : r — xj(w)u- (z,p), (A A) 

tK 1 jV 1 {pq h ^- c zlw\p)^ jK 1 iy v 1 

u { [z,p)x j (w) = t — -. r— X - [WjUi {z,p), (A. 5) 

J {pq-^z w^p)^ jy 
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+ / x -/ x (gg c b ^z/w,p) 00 (p*q c+b ^z/w;p*) ou _ _ 



(pg c+b ^z/w;p) 00 (p*q c ^z/w^p*)^ 3 
Define the 'dressed' currents xf(z,p), ipf(z,p) in U q (g) by 

xf(z,p) = ut(z,p)x?(z), 

x~{z,p) = x;{z)ur( z ,p), 

^t(z,p) = ul(q c/2 z,p)^i(z)ur(q- c / 2 z,p), 

^(z,p) = uf(q- c/2 z,p)(p i (z)ur(q c / 2 z,p). 



Set = x~l(z,p) and fi(z) = x i (z,p). From Lemma [A.l| , we obtain 
Proposition A. 2 

[hi, a j>n ] = 0, [hi, ej(z)] = a^e^z), [h h fj(z)} = -aijfj(z), 
[d, hi] = 0, [d, a^n) = na iy n, 

[d, ei{z)\ = -z-^ei(z), [d, fi(z)] = -z^-fi(z), 



,m\ y "n+m,0; 

n 

a hn ,e 3 (z)]= [ ^q-^z n e,(z), 



[o-i,n, fj(z)] 



[ ^z n f 3 {z), 



n 



zQ p * (q bi °w/z) ei(z)ej(w) = -w<d p * (q bi: >z/w) ej(w)ei(z), 
zB p (q- b 'Jw/z) fi{z)fj{w) = -wQ p (q- b *z/w) fj{w)fi{z), 

[etWJjiw)] = —^—zi Uq- c -W(Q C/2 ^,P)-S(q c -)^-(q- c/2 w,p)) 
at — a, v w w / 



e n 

cGSa l<k<m<a 



Qi ~ Qi 

(p*q 2 Zg( m )/z (T (k);p*) ( 

(p*q- 2 z a{m) /z a{k y,p*) 



x 



E< 



1=0 



(p*q b ' j z/z a{k) ;p*) 00 (p*q b 'J z a{k) / z; p*) c 



e n 

cSSa l<k<m<a 



(j)* q b vz/z a (j t y,p*) 00 {p*q b vz a {k- ) /z-,p*) 00 
xej(z CT( i)) • ■ ■ e i (z (T{0 )e i (2;)e i (z (T ( /+ i ) ) ■ • ■ ei{z a{a) ) = (i ^ j, a 



(A.7) 
(A.8) 
(A.9) 
(A.10) 



(A.ll) 
(A.12) 

(A.13) 

(A.14) 

(A.15) 

(A.16) 
(A.17) 
(A.18) 

(A.19) 



(A.20) 
1 — a,- 



{pq 2 z a{k) /z r7{m) ;p) 

c 



X 



V7-V u n (p^ z /Mk)^p)oo(pq bij Zg(k)/z]p)c 

1 ^ 1 (pq~ blJZ /M^P)oc(pq bl3 z (Tik) /z;p) c 



1=0 



(A.21) 



Xfi(Za(l)) ■ ■ ■ fi(Za(l))fj(z)fi(z a (l +1 )) • • • fi{z u{a) ) =0 (l ^ j, a 



1 - dy). 
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A.3 U q M 

Let us introduce further a set of generators of the Heisenberg algebra {P i: Qi} (i 
1, 2, .., rank g) which commute with U q (g) and satisfy 



[P i ,e*>] = -!fe e >>. 



(A.22) 



Setting Pj = djPj, /ij = di/ij and 



Pi(«) = fi(z)z - , 
d = d - A* + A, 



with z = q , we have 



c : central, 

[^i, Oj>] = 0, [/ij, Pj(w)] = aijE^u), [hi, Fj(u)] = -aijFj(u), 
[d, hi] = 0, [d, a i>n ] = na itU , 



d 1 



[d,E t (u)} = -z— + - Ei(u), [d,Fi(u)] = -z— + - Fi(u), 



[ai >n ,Ej(u)] 



dz r* 



q o n+mt o, 



d 1 



dz r 



n 

[ a ij n ] 
n 



■q- c ^z n E j {u), 



[a t , n ,F,(u)] = - [ ^z n F,(u), 



[Ek(u),F j (v)] = 

n z T(k) 



^ (5{q' c -)Ht{q cl2 w) - 5(q c -)H.(q' c / 2 w) 
qi-qi ^ w w 



(A.23) 
(A.24) 
(A.25) 

(A.26) 

(A.27) 
(A.28) 
(A.29) 
(A.30) 

(A.31) 
(A.32) 



£ (p*q 2 z a{m )/z a{k y,p*) 0< 
(p*q- 2 z a{m) /z a{k y,p*) c 



x 



eh' ; n 



1=0 



(p*q b » z/z a(k y,P*)oc if q b%] z a(k) /z;p*) 



il~{\Mk)J (P*Q bt3Z / Z a(k)\P*)oo{P*q bl] Z a{k) /z\p*) 00 



(A.33) 



xEi(u a(1) ) ■ ■ ■ E i (u a{ i ) )E j (u)E i (u a{l+1) ) ■ ■■E i (u a{a) ) = (i ^ j, a = 1 - Oy), 
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J (pq 2 z*(k)/z a{m ) 




YP)°o 

;p), 



oo 



z/ g^fc) ; p)^ (pq ^ z g(fc) /z; p) p 

Mfc)/ (pq~ btJ z/Za(ky,P)oo(pq blJ Za(k)/z;p) 
U a (l + 1)) ■ ■ ■ Fi(u^ a )) =0 (Z 7^ j 



(A.34) 
= 1 - dij). 



These are the generalizations of the defining relations of {/^(sfe)- Free field realizations 
of U qjt ( 6 ) for = A&\ and are easily obtained. We will report on this subject 
in a future publication. 

Remark. Comparing U q ^ p (sl n ) at level one with the relations among the screening currents 
of the deformed W^-algebra^], we have a difference by a sign factor (— ) ai] . However, 
such discrepancy always occurs in the free field realization of (quantum) affine Lie algebras 



and is known to be adjusted by using cocycle factors [0 or by using a procedure of central 
extension of the group algebra of the weight lattice. After such an adjustment, one can 
regard the algebra U qjP {si^) at level one as the algebra of the screening currents of the 
deformed W^-algebra. 



B Drinfeld coproduct 

Besides the standard Hopf algebra structure, the quantum affine algebra U g (sl2) is also 
endowed with the so-called Drinfeld coproduct: 

AqoX = x <g> 1 + 1 ® x (x = h,c,d), (B.l) 

Aooa n = a n ® 1 + <T c(1>|n| <g> a n , (B.2) 

A 00 x+(^) = x + {q- c(2) z) <g> 4) + {q- c(2)/2 z) + 1 <g> x + {z), (B.3) 

A 00 x"(z) = x~(z) ® 1 + tp~(q~ cW/2 z) ® x~(q~ c<1> z). (B.4) 



The universal R matrix IZ^ associated with this coproduct is given in [i8|. We have also 
an elliptic analog of the Drinfeld coproduct given as follows: 

A Pj00 x = x (g> 1 + 1 <g> x (x = h,c,d), (B.5) 

«n®! + [( r _ c (l)) 7l ] ® Q " ( n> °)' 

Ap.^n = <( [(r _ c (l) _ c ( 2))n] (B.6) 



a n ®q c{2)n + q c(1)n ®a n (n < 0), 



[(r-cW)n] 

A Pi00 e(z,p) = e(q- c(2) z,p) ® ^{q^'^pq-^) + 1 ® e(^, M " 2c(1) ), (B.7) 
\,oof(z,p) = f(z,p) ® 1 + r{q- cW/2 z,p) ® f(q~ cW z,pq- 2cW ). (B.8) 
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In terms of if) (z,p) we have 

A Pi00 ^(z,p) = ^(q Tc(2)/ \p) ® ^(g ±c(1)/2 ^,pg- 2c(1) ). (B.9) 
As it turns out, this coproduct is obtained by a twist of ( |B.1| )-( ]BT1| ). Set 



F OQ (p)=exp ( m iro l A-n^fln ) ■ (B.10) 

Then a simple computation shows the following. 

Proposition B.l The twistor (\B.1L\ ) enjoys the shifted cocycle property 
F£ 2 \p) (A*, ® i<Q FoeCp) = F^\pq~ 2cW ) (zd® A*,) FooCp), 

and satisfies 

A Pi00 (a) = FooCp) • A oc (a) • ^(p)" 1 Va e f7 g (Tfc). 
The universal i? matrix associated with this coproduct A p oo is given by 

KM = F^ip^FM' 1 - (B.H) 
The classical limit of (p.ll|) reads 

rooip) = ~h <S> h + 2 hn AL n + 2Ve n ®/_ n + c®d + d®c. 

2 1 — v n ^— ' 



71>0 



Upon skew-symmetrization, it gives the limiting case if — ► of the classical r matrix 
(|6.5| ). Note that the elliptic parameter p enters only via the 'Cartan' part. A similar 
classical r-matrix appeared also in the Drinfeld-Sokolov reduction 



C Evaluation modules 
C.l Spin 1/2 modules 

Let I be a non-negative integer. We recall here the evaluation module of U q (sl2) based on 
the spin 1/2 representation. 

Let Vi = ® l m=0 Cv l m , Vi jZ = Vi[z, z' 1 }. Define operators h, S ± on V\ by 

hv l m = (l- 2m)v l m , S^l = v l mTl , (C.l) 
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where by convention we set v l m = for m < or m > I. In terms of the Drinfeld 
generators, the evaluation module (7T^ Z , Vi e ) is defined by the following formulas: 

7T,,*(c) = 0, 7T l}Z (d) = Z-fj-, (C.2) 

az 

= r {(q n + q~ n )q nh ~ (<7 (m)n + q~ {l+1)n )) , (C.3) 

n q — q 1 ' 



nAxH*')) = S ± ^-—^ 5 (q h±1 ^). (C.4) 



±h+l+2 



2 



h±l 



Z 



Z' 



In ( |C.4|) , [x] means (q x — q x )/(q — q 1 )- 

The images of the elliptic currents ( |3.6| )-( |3~§D , ( |3.i5| ) are then given as follows: 

_ lkl ^ {<f-'m<f +w i} {f-'iW +,+2 j} (p;p)oo , CM 

/ / / g( fe 0/ 2 (q h+l+2 ;p) 00 (pq h l ;p) 00 ( h+l z\ 

= a- ^^irt-dy^irt- , (c . 9) 

l-g 2 (p;p)oo(pg 2 ;p)oo v z ' 

where {z} = (z;p, q A )oo- In the text, we shall also write Vi )Z as Vi )U with z = q 2u . 
C.2 matrix for spin 1/2 representation 

Let 1Z + = 11,11-= 1Z {2irl be the universal R matrices of U q (7l 2 ), and let K + (r, s) = 
1Z(r, s), 1Z~(r, s) = 1Z^ 21 \r, s) 1 be the elliptic counterparts. We consider their images in 

Vi >Zl V m>Z2 , 

Rf m {z 1 /z 2 ) = {iri, Zl ^irm^Tl^, Rf m (z 1 /z 2 ,s) = (iri jZ1 ® 7r m , Z2 ) ^(r, s). 
The former has the form 



R lm( Z ) = Plm( Z ) R lm( Z ), 

where pf m {z) = Pi m (-2 ±1 ) ±1 is a scalar factor and Ri m {z) is normalized as Ri m (z)v l ®v m 



o 



v o ® v™- From the formula (3.10) of |K| for pi m (z), we find that 

+ lm/2 {pg l - m+2 z}{pq- l + m+2 z} {q i+ m +2 z -i }{q -i- m+ 2 z -i } 

PimK z ^V) q {p q i+m+2 z y^ pq -i- m +2 z y{ q i-m+2 z -iy{ q -i+m+2 z -iy- u ) 



6) Our Tl here is K {21) in pill i see the remark at the end of section |2.l|. 
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Set further R^J^z, s) = pf m {z ) p)Ri m {z, s). Noting that Ri m (z) is a rational function in z, 



we find the following relation from (4.8) of |2T 



R lm (pZ, S) = q ~^-(s + ^ . R lm{Z: s) . q ^ + s^\ (C . n) 

Let us consider the image of the L + operator ( f4.22|) in the spin 1/2 representation 
(|C . 5|) ( |C7g| ) . With a suitable base change of the form v l m —> g(h)v l m , we find the following 
expression: 



'l+h+2 



■K v (e + (u, s)) = -S^ 



)9{u-v 



h+l 



- S 



b(q h+1 w)-f-q^(^) (C.12) 



(u-v-^)9(s) 



7r v (f + (u,s )) = S 2 — -b V l w) r q A 2 J +4^ 0.13 

#(u — f — ^)#(s + h — 1) 



^(^(w, s)) 
7r„(/;^(u,s)) 



ipAu — V— 1) a fe 2 -tq+2) 
W 2r fl & r 

h+i\ w y ' 



(it — 1> — 



2 



Here 6 is a constant, w = q 2v , and 

( u ) = 

We note the relation 



-w 2r q 4r 



(C.14) 
(C.15) 

(C.16) 



We can get rid of the powers of w and q appearing in ( |C.12| )- (|C.15| ) by the transfor- 
mation (|2.11|) . Choosing 

Lh(s+^) fe2 ~' ( ' +2) j| h 3 +(l+l)h 2 -{l+l) 2 h 



and b = 1 we set 



R~li(u — v, s) — (id (g) 7r„)L + '(-u, s). 



The result is as follows: 



R ++ (u) R + 4u) 



(pi(u) \ R-+(u) R__(u) 
Here <pi(u) is given in ( |U.16| ), and the entries R £ie r(u) G End(VJ jt; ) are given by 

R ++ (u) = 



(C.17) 



[s + h + l)9(s) 



(C.18) 
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e{i^±i)e( u + + s ) 

v.+*-d ■ (ai9) 

= S + 1 2 ^ ^ 2 ^, (C.20) 

iL_(«) = -6l(Ti-^i). (C.21) 



In the simplest case 1 = 1, this i?-matrix coincides with ( |4.18 ) constructed from the image 
of twistors. 



D Free field representation of U qp (si2) 

In this section we review the free field representation of U q (sl<i). We then construct a free 
field representation of [/^(sfe) following the prescription of section §. 

D.l Bosons 

Let a n be the bosons in section |3.1| . In addition to them, we introduce two more kinds of 
bosons a^ m (m G Z^ j = 1, 2) satisfying the commutation relations 

ai m ,a ln — o m +n,Oi l JJ - i J 

m 

[2m] [cm] 

02,mj«2,n = m+n q. (D-2) 

m 

We need also the zero-mode operators Qj and Pj (j = 0, 1, 2) satisfying 

[P ,Qo] = -i, [Pi,Qi] =2(c+2), [P 2 ,Q 2 ] = -2c. (D.3) 
It is also convenient to introduce the notation 



a + = \l— ' a - = ~\/ — ' 2a = a+ + a_ = W— . (D.4) 



Let us set 



= -P 2 , a = -Q 2 , (3 = -V2a^Q . (D.5) 



c 

Then [/i, a] = 2. 

We define the Fock space T 3 ^ by 



m,m' • 



FjM-.m.m* = C t a -1> «-2, ••; «i,-2, -(j = 1, 2)] 



® Ce m/3 <g> Ce^ a+m ' Q . (D.7) 
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D.2 Bosonization of total currents 

Let us introduce the generating functions of bosons (boson fields), 

<j>j{A;B,C\z;D) = - -^(Q, + P 3 log z) + ^(A; B, C\z; D), (D.8) 

h^BM^D)=^^^^^ (D.9) 

and 

4>f\A-B\z-C) = ^\og q +{ q - q ^)Y, [ ^a h ± m z^ m q Cm (j = 1,2). (D.10) 

m>0 ^ ' 

We sometimes use the abridgment 

^(C\z; D) = ^(A; A, C\z- D), ^{C\z) = <\> 3 {C\z- 0). (D.ll) 

Now let us define the 'parafermion fields' ^f(z) and W(z) by ^f(z) = ^f~(z), W(z) = 
^f + (z), with 

= =F ^rry " , (D-12) 

=: exp{±0 2 (c|^; ±^)}exp{-4 +) (l; 2\z; =p£±*) ± (l; 2\z; } :, 
tt± (z) =: exp{±0 2 (c|z; i^expj^ (l; 2|z; =F 4~ ] (l; 2|z; =f|) } : . 

Then we have 

Proposition D.l TTie following currents x ± (z) and operator d with h, c give a repre- 
sentation ofU q (sl 2 ) on Tj = 



x + (z) = *(z) : exp{- jKa n z' n } : e a , (D.13) 



c|n| 



aT(z) = = exp{^ q y-a n z- n ) : e"' 3 e" a , (D.14) 

d = d 1 , 2 + d a: (D.15) 



where 



*■» " " ^ M |(c + 2H ai -'" ai " + & MM a2 -'" a2 "" " ^T2T' (D ' 16) 

d ^-^ o ^^f-^rn. (D.17) 
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Note that this representation is slightly different from the one obtained by Matsuo(49 . 
The main difference is in the identification of the Cartan operator h. See the discussion 
in subsection D.3. 

Note also that Tj gives a level k highest weight representation of U q (si2) for c = k 
with the highest weight state 

| J) = 1 e 2(ET2)Qi (g) i (g) e i a . 

With a substitution of (|D.13| ) and QD.14p into ( |3.6|) and (|3.7|) , the boson a n (n G Z^ ), 
the currents e(z,p), f(z,p) and c, d give a representation of the elliptic currents of 
U q ($k) on JFj. Explicitly, we have 

Proposition D.2 

e(z,p) = *(z) iexpj-^^ao^-^ie^e , (D.18) 

( rf\ n \ i 

/(z,p) = : expj^l^^-"} : e~ a . (D.19) 

Here we introduced 'dressed' bosons a 0jn and a' 0n by 

{a n for n > 

M C |n| , / n (D.20) 

r — 1 'a n forn<0, y J 
[r n\ 

\r*n] 

o! 0>n = [ j^a , n (D.21) 

en+ta&nmn \n n 1 — [ 2m l [ cm ] [ rm ] X „„J [„/ „/ 1 _ [2m] [cm] [r*m] r 

satisfying [ao,m,ao,nJ — — — — p^j<Wn,o a^a l a o,m.5 a o,nJ — — m i^]-Om+n,o- 

Let us next introduce the Heisenberg algebra generated by P and Q. We realize them 

as 



P-l = \ Po + -/i, g = -\/2a zQ . (D.22) 

V c c 

It is easy to check that [Q, P] = 1 and that P and Q commute with U q (sl2). 
Accordingly, we modify the Fock space T j by e Q to JFj, 

^J = 0^ Tj^Tj®****. (D.23) 



Now we define the currents K(z), E(z) and F(z) by ( |3.25|) -( j3.27|) replacing e(z) and 



f(z) with ( D.18 ) and ( p. 19 ), respectively. Let us define also 

d = d- A_ P+1 , r * + A_ P _ h+hr . (D.24) 



Then we have [14 



43 



Proposition D.3 The currents K(z), E(z) and F(z) and h, c, d give a representation 
of Uq tP (sl2) on Tj. Explicitly, these currents are given by 



K(2;)=:exp|-0o(l;2,r|z)j :, (D.25) 
E(z) = *{z) : exp{-0 o (c|^)} :, (D.26) 
F(z) = ¥(z) :exp{«// (c|*)):, (D.27) 



where 



and 



MA;B,C\z;D) = A /^( Z Q + Po i ogz) + ^ t^^ a Z --^H )(D . 29) 
BC V r* [Bm\[Cm\ 

(j)' (A; B, C\z; D) = O (A; B, C\z; D) with r <-> r*, a , m -> a' 0iTO . (D.30) 

Using the field </>2(A|z; D), the boson expression for the parafermion current ^(2) (resp. 
^'(2)) is obtained from the one for ^(z) (resp. W(z)) by replacing the field 02 (c|z; — c/2) 
with 02(c|^; — c/2) (resp. 2 (c|z;c/2) with 2 (c|^; c/2)). 

Remark. The parameterization of the vacuum charges of the Fock space J- j t M;m,m' ,a = 
TjM-mm' ® efJjQ * s related to those of J 7 j j M;n'n m 01 as follows. Let us set ov >n = 
+ ±f±a + . Then 

M + 2m' = M, m(3 + fiQ = -V2a n , n iQ (D.31) 
with 1 — n' — 2m + [i and 1 — n = \x. 

D.3 An alternative form 

There is another way of constructing C/ giP (s[ 2 ) from f/ g (s[ 2 ) in terms of free bosons. Let us 
set 

h = -V2^P , a = -^-iQ . (D.32) 

Then [h,a] = 2. 
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Define the Fock space T Jy M by 

F, J,M — F J,M;m,m' J (D.33) 
m,m'£Z 

F J,M;m,m' = C[a_i, a_ 2 , ..; Oj _ 2 , ..(j = 1, 2)] 

^Ce^W Ql ® Ce™' a <g> Ce^ +m " (D.34) 



Proposition D.4 The following currents x ± (z) and operator d with h, c give a repre- 
sentation ofU q (sl2) on Tj = FjjWH'- 



where 



x + (z) = ^(z) : exp\-J2j^- 1 a n z- n ] : e*z°~ h , (D.35) 

( n c \ n \ ~\ 

x -(z) = ¥(z) : expl V ^a n z~ n \ : e^z'^, (D.36) 

d = di )2 + d«, (D.37) 



m 2 m 2 Pi(Pi + 2) P| 



^1,2 — ~~ 77; — TT7 — — T a l,-m a l,m + 777 — 77 - (l 2.-u, (l 2.n> 



o [2m] [(c + 2H ^ [2m] [cm] 4(c + 2) 4c ' 

(D.38) 



m>0 

Then we have 



- sr^ m 2 q cm h 2 

d - = -l^ [ 2m ][cm] a - mam ~ 4V {Dm 



Proposition D.5 Dressing x (z) by the procedure ( \3.6j ) and (37%), we have the following 
currents e(z,p), f(z,p) with which the boson a n (n G Z^o) and h, c, d give a representation 
of the elliptic currents ofUqfaz) onTj. 

e(z,p) = V(z) :exp{- V^ao,^) :e^^, (D.40) 

f(z,p) = &(z) : exp{^ q a ^ n z- n ] : e^z^\ (D.41) 

In this case, we can obtain U q>p by dressing the elliptic currents via a and h instead of 
adjoining P and Q. This is a procedure of turning on the anomalous background charge 
2«o in 0o- In conformal field theory, this corresponds to the twist of the energy-momentum 
tensor by the Cartan operator. Then, the zero-mode lattice associated with a gains one 
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additional dimension and becomes 2-dimensional. Hence the Fock space J-jm is changed 
to 

Fj= Fj;fn',n,n>, (D.42) 
Fj;m>,n,n' = C [«-l> °-2, ••! % -1, «j -2, -(j = 1, 2)] 

®Ce^) 01 <g> Ce™' a <g> Ce^v^+^v 7 ?)" ( D 43) 



Proposition D.6 The following currents K{z), E{z), F(z) and d with h, c give a rep- 
resentation ofU q , p (sl2) on T'y. 

K(z) = e^ 003 k(z) z^ h , (D.44) 
E(z) = e - {l -^ )a e(z,p) z -^ l -^~ h , (D.45) 
F(z) = e (1 -v^)" f( z ,p) Z ^ l -V^)~ h , (D.46) 



d = d- 




(D.47) 



Expressing P, h by Pj (j = 0, 1, 2) and a, 7 by Q 0) Q2, the resultant K{z), E(z), F(z) 
and d coincide with K(z), E(z), F{z) and d in Proposition D.3, respectively. The Fock 
s P ace ■7j;m',n,n' is isomorphic to Tj^.^,^ by 

_. M _ _. 

m = — + m , n = fi, n = —2m — fi. 
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